We analytically compute the dominant contributions to the β-functions for the top-Yukawa coupling, the strong coupling and the Higgs self-coupling as well as the anomalous dimensions of the scalar, gluon and quark fields in the unbroken phase of the Standard Model at threeloop level. These are mainly the QCD and top-Yukawa corrections. The contributions from the Higgs self-interaction which are negligible for the running of the top-Yukawa and the strong coupling but important for the running of the Higgs self-coupling are also evaluated.
Introduction
Using perturbation theory in any renormalizable quantum field theory comes with the price that the parameters of this theory, e.g. the couplings and masses, in general depend on the renormalization scale µ. The precise description of the evolution of these parameters with the energy scale is an important task in any model. This is done by means of the Renormalization Group functions, that is the β-functions and anomalous dimensions. The knowledge of the three-loop contributions to the β-functions for the Standard Model (SM) and its extensions is important for physics at the very high energy frontier and for cosmology. Here are some examples: The running of the gauge couplings plays an important role for the construction of Grand Unified theories of the strong and electroweak interactions. The β-functions for the scalar self-interaction and for the top quark Yukawa coupling constant are important for the analysis of Higgs-inflation in the SM [1] [2] [3] [4] . The current investigations of these issues are based on the two-loop approximation. The inclusion of the next order could be essential. Further, in a recent work [5] , the possibility has been discussed that the SM, supplemented by the asymptotically safe gravity could play the role of a fundamental, rather than effective field theory. Within this framework the mass of the Higgs boson has been predicted to be approximately 126 GeV. The theoretical uncertainty of the prediction is about 2 GeV.
The underlying gauge group of the SM is an SU C (3) × SU(2) × U Y (1) which is spontaneously broken to SU C (3) × U Q (1) at the electroweak scale. As the renormalization constants for fields and vertices do not depend on masses and external momenta in the MS-scheme, we will perform our calculations in the unbroken phase of the SM.
The most important contributions to the running of the Higgs self-coupling λ arise from the top-Yukawa coupling and the strong sector. All other Yukawa couplings are significantly smaller due to to the smallness of the respective quark masses. From the top mass M t ≈ 172.9 GeV we get the Yukawa coupling at this scale y t (M t ≈ 0.65 give much smaller contributions which are further suppressed by the isospin and hypercharge factors. For this reason we will consider a simplified version of the SM or -as one could also see it -a minimal extension of QCD by setting g 1 = g 2 = 0 in our calculation. For a Higgs mass of 125 GeV the value of the Higgs self-interaction would be λ(M H ) ≈ 0.13 at the scale of the Higgs mass. The relevance of this parameter will be examined in section 2.
The outline of the work is as follows. In the next section we discuss the main definitions and the general setup of our work. Section 3 deals with the technical details, including the treatment of γ 5 . In sections 4 and 5 we present our results for the β-functions of the topYukawa, the strong and the Higgs self-couplings and the relevant field anomalous dimensions. The numerical influence of the computed three-loop corrections on the evolution of the quartic Higgs coupling is discussed in section 6. For this analysis we will include the already known contributions with g 1 and g 2 at one-loop and two-loop level. Finally, section 7 contains our conclusions and acknowledgements.
All our results for β-functions and anomalous dimensions can be retrieved from http://www-ttp.particle.uni-karlsruhe.de/Progdata/ttp12/ttp12-012/
General Setup
The Lagrangian of our model consists of three pieces:
The QCD part is defined by
where q runs over all quark flavours, the gluon field strength tensor is given by
and f abc are the structure constants of the colour gauge group with the generators T a :
The complex scalar field Φ and the left-handed parts of the top and bottom quarks t L and b L are doublets under SU(2):
Setting all Yukawa couplings to zero except for the top coupling y t the Lagrangian for the Yukawa sector is given by
Finally, we have the scalar sector of the model
The indices L and R indicate the left-and right-handed part of the fields as obtained by the projectors
This model is renormalized with the counterterm Lagrangians
for the QCD part,
Here the renormalization constants have been defined in a minimal way as
with δZ containing only poles in the regulating parameter ε = (4 − D)/2 of the dimensional regularization and D being the engineering space-time dimension. The Higgs self-coupling λ is related to the Higgs mass at tree level
which for M H = 125 GeV yields λ(M H = 125GeV) ≈ 0.13. For the running of the topYukawa coupling the contribution from λ is negligible compared to the top-Yukawa and strong coupling. The corresponding four-Φ vertex is nevertheless needed for the renormalization at three-loop level, namely to kill the subdivergence from the fermion loop in diagrams like Fig.  1 (d) . The β-function for a coupling X is defined as (16) and is given as a power series in all couplings of the model, namely g s , y t and λ. Note that the β-functions β gs and β y t are proportional to g s and y t respectively whereas β λ has one part proportional to λ and one part proportional to y 4 t with no λ-dependence at all. The anomalous dimension of a field f is defined as
where Z f is the field strength renormalization constant for the respective field. 3 The β-functions for all couplings are independent of the gauge parameter ξ whereas the anomalous dimensions of the fields are not.
Calculation
As we are interested in β-functions it is enough to compute the UV divergent part of all diagrams in order to determine the necessary renormalization constants. In the MS-scheme the latter depends only polynomially on external momenta and masses. Therefore most of our renormalization constants could be computed from massless propagator-like diagrams using the FORM 3 [10] version 4 of the package MINCER [11] . In some diagrams, e.g. with four external Φ-fields where two external momenta are set to zero, this leads to IR divergences which mix with the UV ones in dimensional regularization. Another convenient method to compute renormalization constants has been suggested in [12] and elaborated in the context of three-loop calculations in [13] . The idea is an exact decomposition of all propagators using an auxiliary mass parameter M 2 :
3 For an n-point vertex V or a mass m the anomalous dimension is defined as γ
For a field we take the inverse renormalization constant. 4 The program can be downloaded from http://www.nikhef.nl/˜form/maindir/packages/mincer/mincer.html where p is a combination of external and q of internal momenta. This can be done recursively until the power in the denominator of the last term is high enough for this contribution to be finite, e.g.
As the result is independent of M 2 we can omit the contributions ∼ M 2 in the above decomposition as long as we introduce counterterms into the Lagrangian to cancel M 2 -dependent subdivergences. In our case only a term
The first one is not gauge invariant but this does not matter as it is only used for the cancellation of subdivergences which works nevertheless. This method effectively amounts to introducing the same auxiliary mass parameter M 2 in every denominator of propagators and all possible M 2 -counterterms. We expand in the external momenta 6 and arrive at massive tadpole diagrams with one scale M . Due to the auxiliary mass no IR divergences can appear while the UV counterterms which we are interested in (that is the ones without any dependence on the auxiliary mass M) will stay untouched.
For the calculation of massive tadpoles we have used the FORM-based program MATAD [14] . Where possible, i.e. for the propagators and three point functions, we have employed both the MINCER and the MATAD setups which served as an extra check. To generate the diagrams we used QGRAF [15] and to compute the colour factors the FORM package COLOR [16] .
An important aspect of calculations such as these is the proper treatment of γ 5 . As is well known, a naive treatment of γ 5 can be applied if it only appears in an external fermion line. In fermion loops we have to be more careful. In four dimensions we define
In Fig. 1 to 5 we show a few diagrams that had to be calculated for the various ingredients of our final result. In order to have a contribution from a fermion loop with one γ 5 in it at least four free Lorentz indices or momenta on the external lines of the minimal subgraph containing this fermion loop are required. These can be indices from the gluon vertices or the internal momenta from other loops which act as external momenta to the minimal subgraph containing the fermion loop in question. External momenta of the whole diagram can be set to zero as the renormalization constants in the MS-scheme do not depend on those.
Consider for example one of the fermion loops in Fig.2 (c). The momenta on the two external Φ-legs can be set to zero. Then we have two indices from the gluon lines attached to our fermion loop and one loop momentum going through the two gluons and acting as an external momentum to the subgraph containing only our fermion loop. This is not enough to have a non-naive γ 5 contribution from this graph. a c a does not appear because of the momentum dependence of the ghost-gluon-vertex. 6 This method also works in massive theories. In this case we expand in the physical masses as well. ε pole and can therefore be treated as described in [17] . We use the fact that γ 5 anticommutes with every other γ-matrix in four dimensions and that γ 2 5 = 1. Then we apply relation (20) for the case when one γ 5 remains on each fermion line. The two ε µνρσ can be rewritten as a combination of metric tensors which can be handled in dimensional regularization. The error we make with this treatment is of order ε and does therefore not affect the pole part of our result. 
Results for the β-functions
First we give the results for the three-loop β-functions of couplings λ, y t and g s with the general gauge group factors for the strong interacting sector. Below C F and C A are the quadratic Casimir operators of the quark and the adjoint representation of the corresponding Lie algebra, d R is the dimension of the quark representation, T F is defined so that T F δ ab = Tr T a T b is the trace of two group generators of the quark representation. 7 For QCD (colour gauge 
The purely λ-dependent parts of eq. (21) have been known for a while [18, 19] , the full oneloop and two-loop result are in agreement with [20, 21] (for an SU(3) colour gauge group). It has also been a useful check for our setup to see that the same result can be derived from the four-Φ 1 vertex, the four-Φ 2 vertex and the
β (2) y t
y t
The one-loop and two-loop part of this result have been found before in [20, 22] [23] . In this reference the calculation of Z Mt has been performed in the broken phase of the SM with a massive top quark. When comparing these two results one has to take into account that in the broken SM the top quark mass is to be renormalized as a product y t (Φ 2 + Φ † 2 ) so the corresponding top quark mass renormalization constant is
Again the setup could be checked for consistency by using the renormalization of the four different vertices t-t-Φ 2 , t-t-Φ * 2 , t-b-Φ 1 , t-b-Φ * 1 for the calculation.
In the case of y t = 0 this is in agreement with the well-known result [24, 25] . The one-loop and two-loop parts of eq. (23) are known from [26] [27] [28] [29] [30] [31] , the term ∝ g 4 s y 2 t can be found in [23] and the full three-loop result has been computed in [32] 
The β-function describing the running of the "mass" parameter m 2 in eq. (7) 
This yields the following contributions to β m 2 :
m 2
The one-loop and two-loop parts of this result are in agreement with [20] where they have been computed before. The purely λ-dependent part can be found in [18, 19] 
To get an idea of the size of these contributions and therefore the significance of our calculation we evaluate β λ at the scale µ = M Z (with an assumed Higgs mass of 125 GeV and n f = 6) which yields a value of β λ ∼ (−0.01) at one-loop level. The two and three-loop contributions change this result by ∼ 1% and ∼ (−0.04)% respectively. To estimate the importance of the individual terms we introduce the labels
and get
We see that the decrease of the effective four-Φ coupling with increasing energy is induced by top quark loops. Without quarks there would be an increase. It is also worth noting that the individual contributions at three-loop level are much larger than the overall effect due to huge cancellations. Consider for example the five numerically largest three-loop terms at
The total contribution from these terms is by almost two orders of magnitude smaller than the size of the largest one.
For the top-Yukawa β-functions we find 
As has already been mentioned above the λ-corrections are negligible here. Evaluating β y t at the scale µ = M Z (with an assumed Higgs mass of 125 GeV and n f = 6) we get a value of ∼ (−0.023) at one-loop level which means a decrease of y t and therefore the top mass with increasing energy. This is due to the QCD corrections. In the absence of QCD the opposite would be the case as we can see from the term ∝ y 2 t in βy t yt . The two and three-loop corrections are ∼ 16.6% and ∼ 0.7% with respect to the one-loop result and so quite high compared e.g. to the case of β gs discussed below. We use again the labels (27) to get an impression of the individual terms: 
For the strong coupling we get 
In order to numerically compare the higher order corrections to the above β-functions we also give the evaluation of β gs at the scale µ = M Z and with n f = 6. The one-loop contribution is ∼ (−0.04) to which the two and three-loop calculations give corrections of ∼ 3.7% and ∼ (−0.02)% respectively. Very small λ-corrections to β gs do not appear until four loops. With eq. (27) and the above assumptions we get
The running of the m 2 parameter is given by 
Again we evaluate β m 2 at the scale µ = M Z (with an assumed Higgs mass of 125 GeV and n f = 6) and get a value of ∼ (+0.023) at one-loop level which means an increase of m 2 at higher energy scales. The two and three-loop corrections are ∼ 2.9% and ∼ 0.32%. With the labels (27) we can estimate the contributions of the individual terms:
Results for the anomalous dimensions
In this section we give the anomalous dimensions of the physical fields in this setup. Note that because of the SU(2) symmetry Φ 1 and Φ 2 must have the same anomalous dimension γ All these relations have been tested explicitly during our calculation which provides a nice additional check.
For y t = 0 this is in agreement with the well-known QCD result [25] . The renormalization constants for t,b and q can also be found in [23] up to order g 6 s and g 4 s y 2 t where the calculation has been performed in the broken phase of the SM.
The purely λ-dependent part of this has been computed before in [18, 19] .
This is also in agreement with [25] for y t = 0 and with [24] for y t = 0, ξ = 0. For d R = 3 and T F = 1 2 (QCD) these results are as follows: 
6 The evolution of the quartic Higgs coupling
The quartic Higgs coupling λ is of special interest as it is directly related to the Higgs mass M H . If we assume that the SM is valid up to some high energy scale Λ, then the value of M H should meet the constraints
Here the upper limit is related to the well-known fact that the running Higgs self-coupling develops a Landau pole 8 if M H is large [33] [34] [35] . For Λ = M P lanck = 10 18 GeV the estimated value of m max is around 175 GeV [33] [34] [35] [36] , which is already excluded by experiments carried out at the LHC and the Tevatron.
The lower limit m min follows from the requirement of the vacuum stability [37] [38] [39] . In order to find m min one should construct the effective Higgs potential V [φ] including radiative corrections and sum possible large logarithms using the standard method of the Renormalization Group (for a review see, e.g. [40] ). Once this has been done, the condition that the potential V [φ] does not develop a deeper minimum in addition to the standard one for all values of φ < Λ fixes m min .
In our analysis we will use a simplified approach for finding m min , namely the requirement that the running coupling constant λ(µ) stay non-negative for all µ less than Λ. It has been shown in [34, 41] that the simplified approach is essentially equivalent to the one based on the use of the effective potential provided the instabilty of V [φ] can only happen at φ ≫ M Z .
In this section we investigate the effect of the three-loop result β
λ on the running of λ and therefore its effect on the stability of the electroweak vacuum in the SM. For this we also include the electroweak contributions up to the two-loop level. The two-loop β-functions for the SM gauge couplings have been derived in [28] [29] [30] [31] . The two-loop results for the Yukawacouplings and λ can be found in [20] [21] [22] . Now we add the three-loop results derived in the previous section and investigate the effect this has on the evolution of our couplings (for a recent similar analysis, using the two-loop running, see, e.g. [9, 42, 43] ).
To find starting values for the running of the couplings we should account for the fact that the physical parameters (e.g. pole masses) are related to the ones in the MS-scheme in a non-trivial way (see e.g. [44] [45] [46] ). For example eq. (15) is only valid at tree level. For the higher order corrections we take the electroweak ones at one-loop and the QCD ones at twoloop level from [44, 45] 
One should also keep in mind that the matching relations themselves receive contributions from not yet known higher order corrections . The corresponding uncertainty in m min has been estimated in [4, 42] and found to be about 2 GeV. Fig. 6 shows the evolution of λ in this framework up to the Planck scale. To estimate the dependence of the λ-running on the parameters α s (M Z ) and M t we give the shifted curves for λ(µ) when we change these parameters by ±σ as given in eq. (45). 9 As the two-and three-loop curves are very close together we zoom in on the region where λ crosses over to negative values in Fig. 7 . In this plot we give the α s -uncertainty for the two-and three-loop curves to compare between this uncertainty and the shift from two to three loops. Note that there is a considerable difference between M H = 124 GeV and M H = 126 GeV which means that the evolution of λ is very sensitive to the value of the Higgs mass. Given a fixed value for M H the largest uncertainty lies in the exact value of the top mass. The second largest uncertainty comes from α s . The total effect due to the three-loop part of the β-functions is somewhat smaller than latter as can be seen best in Fig. 7 . Still, it is worthy of note that the three-loop corrections to the β-functions presented here enhance the stability of the SM electroweak vacuum.
The smallness of the three-loop correction to β λ seems to be somewhat coincidental as the aforementioned cancellations of individual terms in β Thus, we conclude that at present no definite answer can be given to the question whether the SM vacuum is stable all the way up to the Planck scale or not. If indeed a SM Higgs boson is found with a mass of 124 to 126 GeV, this is a good motivation for determining α s (M Z ) and M t as accurately as possible as well as calculating the SM β-functions to the highest achievable accuracy.
Conclusions
We have computed the three-loop corrections to the evolution the top-Yukawa coupling, the strong coupling and the quartic Higgs self-coupling in the unbroken SM with the numerically small gauge coupling constants g 1 and g 2 and all Yukawa couplings except for y t set to zero. 9 In order not to make the plot too crowded these shifted curves are only given for the two-loop result. The difference to the three-loop result is similar to the one between the two-and three-loop curves for αs(MZ) = 0.1184 and Mt = 172.9 GeV.
10 Smaller values for Mt or larger values for αs increase the stability of the vacuum. The implications of our calculation on the stability of the electroweak vacuum in the SM can be summarized as follows:
• The total effect of the three-loop terms is relatively small which is not self-evident as 
λ are much larger than the final value due to significant cancellations for a Higgs mass in the vicinity of 125 GeV.
• The evolution of λ is very sensitive to the values of the Higgs mass, the top mass and α s (M Z ). If we take e.g. M H = 126 GeV and decrease the top mass by about 1.7 GeV, then λ stays positive up to the Planck scale (a similar observation has been made in [42] ). This is a very good motivation for high precision measurements of α s (M Z ) and M t . With the latter values known more precisely, the account of the the threeloop effects in the evolution of the quartic Higgs self-coupling would be essential in considering the problem of the stability of the electroweak vacuum in the SM.
• In this context it may also be useful to calculate both the electroweak contributions to β
λ and β (3) y t at three-loop level as well as the matching of experimentally measurable on-shell parameters and MS-parameters to a higher accuracy.
